ABSTRACT. A new and simple proof of the following result is given: The product of the volumes of a symmetric zonoid A in Rn and of its polar body is minimal if and only if A is the Minkowski sum of n segments.
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Mathematical Society 0002-9939/88 $1.00 + $.25 per page Let A* be the polar body of A with respect to the canonical scalar product, denoted by ( , ) and let || ||^. be the norm associated with A*, that is A* = {y e Rn; \(x,y)\ < 1 for every x G A}, \\y\\A' -max{(x, y); x G A}.
For x e Sn-i let H(x) be the hyperplane through 0 orthogonal to x and P^ the orthogonal projection onto H(x). Let A(x) = Ad H(x). We have A(x) C P^A = {z e H(x); z + Ax G A for some A G R}. By the bipolar theorem, it is clear that for any x G Sn-i (P^A)* = A*(x), taking the polar of P^A with respect to ( , ) on H(x).
A zonoid in Rn is a convex body for which || H^* is given by 1 Js"-, (x,y)\dp(x), yeRn;
here p is some positive, even Borel measure on Sn-i. The measure p which is unique, is called the supporting measure of A. We have A = ^ fs [-x,x] dp(x), where the integration is done by approximating p by discrete measures and taking Minkowski sums of segments in Rn. For more details about zonoids we refer to [10] . In dealing with a zonoid in Rn we always assume that it has nonempty interior.
We shall prove the following result:
THOEREM. Let A be a zonoid in Rn, then P(A) > 4n/n!, with equality if and only if A is an n-cube. We proceed by induction on n. The result is clear for n = 1. Let A be a zonoid in Rn, by Lemma 1 and Lemma 3, for some xo in Sn-i we have 2|PI-LoA||A*| < (n + l)\A\j^ \(x0,y)\dy < ff ^'jSince (A*(xo))* may be identified with PXoA, we get P(A) > (4/n)P(PxL0A). Now, PXoA is a zonoid in Rn~l, hence by induction P(P^A) > 4n_1/(n -1)! which yields P(A) > 4"/n!. Now, if P(A) = 4n/n! then for this x0 G S"_i, we have P(P^0A) = 4n_1 /(n-1)!. Thus by induction for the equality case, P^A is an (nl)-cube. By the equality case in Lemma 3, we have also A* = conv(?/o, ~Vo, A*(x0)) for some yo G Rn. Hence A is an n-cube. G
